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EMBEDDINGS INTO ORLICZ SPACES VIA THE 
MODIFIED RIESZ POTENTIAL 

PETTERI HARJULEHTO AND RITVA HURRI-SYRJANEN 


Abstract. L[-functions which are defined in non-smooth domains 
in the ^-dimensional Euclidean space can be estimated point-wise 
by the modified Riesz potential of their gradients. These point- 
wise estimates imply embeddings into Orlicz spaces from the space 
L l p , 1 < p < n, where the functions are defined in bounded or un¬ 
bounded domains with minimum requirement of the smoothness 
of the boundary. The results are sharp for L[-functions. 


1. Introduction 


It is well known that a locally Lipschitz function can be estimated 
point-wise by the Riesz potential of its gradient in bounded John do¬ 
mains, [20, Theorem], [6] Theorem 10], and hence, especially, in Lips¬ 
chitz domains and in convex domains, [5| Lemma 7.16]. By modifying 
the Riesz potential, point-wise estimates can be generalized for func¬ 
tions which are defined in more irregular domains than John domains, 
HD Theorem 3.4], [10, Theorem 4.4], More precisely, for every func¬ 
tion u whose weak distributional partial derivatives are in Zd(G), the 
pointwise estimate 



( 1 . 1 ) 


holds for almost every x £ G. Here, G is a domain in the n-dimensional 
Euclidean space and the regularity of the boundary is controlled by 
the function </c Hedberg’s method m Lemma, Theorem 1] can be 
extended so that this point-wise estimate leads to the Sobolev-type 
inequality where an Orlicz-space is the target space. Hedberg’s method 
has been used by A. Cianchi and B. Stroffolini for the classical Riesz 
potential when functions are Orlicz functions, [3j Theorem 1, Corollary 
1], and by the authors for the modified Riesz potential with a special 
Orlicz function, HD Theorem 1.1] and [9. Theorem 1.1], and with a 
general Orlicz function in [[10], Corollary 3.4, Corollary 5.4], For other 
papers on Orlicz embeddings of Cianchi we refer to m. a- 
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In the present paper we show that the optimal Orlicz function for 
the modified Riesz potential in (II.Tj) can be found as a function of 
which depends on the geometry of the domain G. Our main theorem is 
the following theorem where we give the formula to the Orlicz function. 


1.2. Theorem. Let 1 < p < n. Let the continuous, strictly increasing 
function p : [0, oo) -h> [0, oo) be such that pi 0) = lim r _,o + <^(0 = 0 an d 
p satisfies the A 2 -condition and the inequality whenever 

0 < h < h- If 
(i.3) m = 


I p(t) when 0 < t < 1; 
|</?(l)t when t> 1, 


then there exists an N-function H that satisfies the A 2 -condition, and 


H~\t) 


tp 


l-i 




for t > 0. 


With this function we obtain the following point-wise estimate. 


1.4. Theorem. Let G be a domain in R", n > 2. Let 1 < p < n. If H 
is the function from Theorem, \1.2\ and ||/||zag) ^ 1? then there exists a 
constant C such that the point-wise estimate 

H l f , dy) < C(Mf{x)) p 

\Jg <A(I* - >i) n_l / 

holds for every x e R". Here, Mf is the Hardy-Littelewood maximal 
operator of f and the constant C depends on n, p, and the A 2 -constant 
of H only. 


By this point-wise estimate we obtain embedding results for bounded 
and unbounded non-smooth domains. Examples of these domains are 
Lipschitz domains and convex domains, but also domains with suitable 
outward cusps are allowed. 

We define a class of domains which are controlled by the function 
from (II.3p . We call these domains in Definition 12.21 as </?-cigar John 
domains, since our definition is a modification of [22i 2.1] where J. 
Vaisala has defined unbounded John domains with p{t) = t. Hence, 
examples of </?-John domains are the classical bounded and unbounded 
John domains, but also so called A-John domains when p{t) = f. 

We have the following corollary which recovers some of the known 
results of the Poincare inequality. 

1.5. Corollary. If there exists a e [l,n/(n - 1)) such that t a / p(t) is 
increasing for t > 0 and if D is a bounded or an unbounded p-cigar 
John domain with a constant cj in R" ; n >2 and if 1 < p < n, then 
with the function H in Th,eorem \1.2\ there exists a constant C such that 
the inequality 

inf \\u - b\\ L H {D) < C||Vw||lp ( d), 
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holds for every u £ L\ (D) with |Vw| e L p (D). Here the constant C 
depends on n, p, A 2 - constants of H and <p, and John constant Cj only. 

We point out that if D is a bounded s -John domain, then <p(t) = f, t > 
0, and this corollary yields that the ( n ^ np +s P ( n -\) ’ p)-P°incare inequality 
holds. If 7 ? = 1, the result is optimal. Thus the corollary recovers 
some of the known results of [ 2 TL Theorem 10], [TJ, Corollaries 5 and 6 ], 
and m Theorem 2.3], but our proof is completely different from the 
previous proofs. 

Especially, in Section 6 we construct an example of an unbounded 
domain which shows that the Lebesque space cannot be the target 
space in this corresponding embedding if lim f _, 0 + t/<p(t) = oo. 

The outline of the paper is as following: We define the domains we 
consider in Section 2 and we call them p-cigax John domains. We find 
the suitable Orlicz function in Section 3, prove embedding theorems 
in Section 4, recover some Poincare inequalities in Section 5, and in 
Section 6 we construct an example of an unbounded <p- cigar domain. 


2. John domains 


Throughout the paper we let the function (p : [0, oo) —> [0, oo) satisfy 
the following conditions 

( 1 ) p is continuous, 

( 2 ) tp is strictly increasing, 

(3) </>(0) = lim^o + <p(t) = 0, 

(4) there exists a constant C v > 1 such that 

lOi) < c yfo) 
h v h 

whenever 0 <t\ < U, 

(5) ip satisfies the A 2 -condition i.e. there exists a constant C ^ 2 > 1 
such that tp(21) < C^ 2 p{t) for every t > 0. 

We write 


( 2 . 1 ) 



if 0 < I < 1 ; 
if t > 1 . 


Now, if ip satisfies the conditions (1)—(5), then if does, too, and the 
constant in (4) is the same for the functions ip and i/f, that is C v = C^. 

The definition of a bounded John domain goes back to F. John m 
Definition, p. 402] who defined an inner radius and an outer radius 
domain, and later this domain was renamed as a John domain in [18], 
2 - 1 ]. 

We extend the definition of John domains following J. Vaisala m 
2.1] in the classical case. Let E in R", n > 2, be a closed rectifiable curve 
with endpoints a and b. The subcurve between x,y £ E is denoted by 
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E[x,y\. For x e E we write 

q(x) = min 


[t(E[a,x\\£{E[x,b})\ 


where £(E[a,x]) is the length of the subcurve E[a, x\. 

2.2. Definition. A bounded or an unbounded domain D in R" is a 
<p -cigar John domain if there exists a constant cj > 0 such that each 
pair of points a,b e D can be joined by a closed rectifiable curve E in 
D such that 



where B(x, r ) is an open ball centered at x with a radius r > 0 and the 
function if/ is defined as in (12.11) . 

The set Cig E(a,b) is called a cigar with core E joining a and b. We 
point out that if D is a </?-cigar John domain with <p(t) = t p , p > 1, then 
it is a ip -cigar John domain with ip(t) = t q for every q > p. For the case 
i/d/) = if(t) = t for all t > 0, in Definition 12.21 we refer to [22; 2.1] and 
[EH 2.11 and 2.13], 

If D is a bounded domain then the following definition from m 
Definition 4.1] for a t/r-John domain gives an equivalent definition to a 
bounded <p -cigar John domain. 

2.3. Definition. A bounded domain D in R" , n > 2, is a (/''-John domain 
if there exist a constants 0 < a < (3 < oo and a point x 0 e D such that 
each point x e D can be joined to x 0 by a rectifiable curve y : [0, £(y)\ —> 
D, parametrized by its arc length, such that y(0) = x, y(£(y)) = Xo, 
£{y) < (5 , and 


<A(0 < t y— dist (y(t), dD) for all t e [0, £(y)]. 
£(y) 


The point Xo is called a John center of D and y is called a John curve 
of x. 

If the function ij/ is defined as in (12. ip with the function ip , then 
a bounded domain is a i/r-John domain if and only if it is a <£-.John 
domain. If ij/(t) = t, then our dehnition for bounded i/r-John domains 
coincides with the definition of the classical John domains. If ij/(t) = t s , 
s > 1, then our definition for bounded t/r-John domains coincides with 
the dehnition of a-J ohn domains. 

2.4. Theorem. Let D be a bounded domain. If D is a if/-John domain 
then D is a ip-cigar John domain. On the other hand, if D is a ip- 
cigar John domain with a constant Cj, then D is a if/-John domain with 
constants 



a = 
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„ , „ Cj diam(D)) 

P = max {2 , — j-. 


Note that when diam(D) —» oo. then a 
diam (D). 


with the same speed as 


Proof. Assume first that D is a i/'-John domain with a John center xq. 
Let a,b e D and let the John curves y\ and 72 connect them to xo, 
respectively. We may assume that a,b e D \ B(x 0 , disU.i'o, dD)), since 
inside the ball the points can be connect by two straight lines going via 
the center of the ball B(x 0 , dist(.* 0 , dD)). Let E - j\ o y 2 . Then, 

Cig E(a,b) 


= U B 7l (0, 

fe(0/(n)] ' 


a / dist(v 0 , dD) 


u u /l U 

re(0/(y 2 )] ' 


<A(0 \ 

a / dist(v 0 , dD) / 


and thus D is a i^-cigar John domain. 

Assume then that D is a ^c-cigar John domain. Let us carefully 
choose a suitable John center so that the center is not too close to the 
boundary of D. Let x,y e D such that \x - y| > ^diam(D). Let A be a 
core of a John cigar that connects.* and y. Then the length of E is at 
least \ diam(D). Let xq be the center of E. Then 


dist(.* 0 , dD) > 


diam(D)) 

cj 


so we choose r = L(j diam(Djj/c./, and hence B(xq, r) c D. From now 
on this r and the point Xo are fixed in this proof. 

For every a e D\B(x (h r) there exists a curve E such that Cig E(a, x 0 ) c 
D. Let €{E) be the length of A, then £{E) < 2 or by the definition 

diamRA > 2 tmm = 

Cj 2cj 

i.e. R£)<maxj2,2^pj= / 3. 



FIGURE 1. The cigar from a to .*0 (the solid line), the 
core E (the dotted line) and a new carrot given by the 
constant CjM (the dashed line). 
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Note that the length of E inside the ball B(x o, r ) is at least r and thus 
for the points in E D dB(x o, r) the distance to the boundary is at least 
if/(r/ 2). Let us choose that 

M m hw 

Mr/ 2 ) H r l 2 )' 

Since r < £(E) < f3 and ip is increasing, we have M > 1. 

Let Zo 6 E be the first point from a that satisfies zq e dB(x 0 ,r). Let 
us replace E[zo, xq\ by the radius of the ball B{x o, r), if necessary. Let 
us denote this new arc by E. Let y be an arc E parametrized by its 
curve length, such that y(0) = a , y{((E)) = v 0 . Since 

Htm < Hr/ 2 ) 

Mcj ~ cj 

we obtain that 


fe(0/(£)) 

This yields that 


[J B (y(t), \ B(x o, r) c Cig[a, x 0 ]. 

\ Cj) 


U B (y (o. 


tewm 


Mi) 


c D 


and thus 


<A(0 < Mcj dist(y(t), dD) < dist (y(t),dD). 

£(E) 


This yields that we may choose a = Mcj/3. Thus, D is a L-John domain 
with these a and (3. □ 


3. Point-wise estimates 

We note that by the condition (4) of <p 

(3.1) Mt) ^ C v (f( 1 )t for all t > 0. 

We recall a covering lemma from [TUI 4.3. Lemma] which is valid for 
a bounded <£-.John domain. For the previous versions in classical case 
we refer to (8j Theorem 9.3] and in a special case to [TH Lemma 3.5]. 

3.2. Lemma. [lO] 4.3. Lemma]. Let (p satisfies the conditions (l)-(5). 
Let ip : [0, oo) — > [0, oo) be defined as in (12. ip . Let D in R” ,n > 2 , 
be a bounded ip-John domain with John constants a and /?. Let xq e 
D the John center. Then for every x e D \ B{x 0 , dist(vo, dD)) there 
exists a sequence of balls (B(xj, rj) such that B(xj, 2 rf) is in D for each 
i = 0, 1,... , and for some constants K = K(a, dist(v 0 ,dD),diam(D),^), 
N = N(n), and M = M(n) 

• B 0 = b(xq, \ dist(v 0 , dD)); 

• i/^(dist(v, BJ) < Kr i; and r, ^0 as i —> oo; 

• no point of the domain D belongs to more than N balls B(xt, rj; 
and 
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• \B(x h rj U B(x i+l ,r i+l )\ < M\B(x h r t ) n B(x i+1 , r i+I )|. 

3.3. Remark. (1) The constant K in the previous lemma can be taken 
to be K = max{2o'/ dist(v 0 , dD), </?(diam(Z)))/diam(D)}. 

(2) If D is a ^>-cigar John domain and the John center has been chosen 
as in Theorem 12.41 then 

a , c3ai)(max(2,^gB2))- ^ 32c 5 

dist(vo,5D) 0 - diam(D))) if/ diam(Z))) ^O ) 4 

as diam(D) — > oo. 


We recall the following definitions. Let G be an open set of R". We 
denote the Lebegue space by L P (G ), 1 < p < oo. By L*(G), 1 < p < oo, 
we denote those locally integrable functions whose first weak distribu¬ 
tional derivatives belongs to U\G ) i.e. L l p {G) = {ue L\ oc (G) : |Vw| 6 Z/(G)} 
By W 1,P (G), 1 < p < oo, we denote those functions from Z/(G) whose 
first weak distributional derivatives belongs to Z/(G) i.e. W l,p (G) = 
{u 6 U\G ) : \Vu\ 6 L P (G)}. 

Theorem 12.41 and Lemma 13.21 give the following point-wise estimate 
which we recall from [10], 4.4. Theorem], 


3.4. Theorem. Let <p satisfy the conditions (l)-(5). Let : [0, oo) —> 
[0, oo) be as defined in (EU). Let D in R", n > 2, be a bounded ip- 
cigar John domain with a John constant cj . Then there exists a finite 
constant C and x 0 e D such that for every u e L\(D) and for almost 
every x e D the inequality 


La.a .. | ^ f l Vw Cv)l j.. 

\U(X) UB(x 0 ,dist(x 0 ,dD))\ — ^ I “J 

Jd f/(\x-y\) 


holds. Here 


C = c (n, cj, C v , C^ 2 ,<p(l), min | diam(D), 1 Jj . 


We recall the definitions of Wfunctions and Orlicz spaces. 


3.5. Definition. A function H : [0, oo) — > [0, oo) is an A-function if 

(Nl) H is continuous, 

(N2) H is convex, 

(N3) lim,_ > o+ ^y = 0 and ^y = oo. 

Continuity and lim f _ > o+ ^y - 0 yield that H( 0) = 0. Let 0 < t < s by 
convexity 

H{f) = h(^-s + (l - ^)o) < -H{s) + (l - ^)//(0) 
and thus ^y < — for 0 < t < s. 

t S 

This implies that H is a strictly increasing function. 
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By the notation f < g we mean that there exists a constant C > 0 
such that fix) < Cg(x) for all x. The notation / « g means that 

f&g&f- 

Two /V-functions H and K are equivalent, which is written as H - K, 
if there exists m > 1 such that H(t/m ) < K(t) < H(mt) for all t > 0. 
Equivalent /V-functions give the same space with comparable norms. 
We point out that H ^ K if and only if for the inverse functions H l « 

k~K 

We assume that H satishes the A 2 -condition, that is, there exists a 
constant C^f such that 

(3.6) Hilt) < CpHit) for all t > 0. 


If an Wfunction satishes the A2-condition then the relations - and ~ 
are equivalent. The constant Cjf is called the A 2 -constant of H. 

Let G in R" be an open set. The Orlicz class is a set of all measurable 
functions u defined on G such that 



dx < oo. 


We study the Orlicz space L H (G ) which means the space of all measur¬ 
able functions u defined on G such that 


j //(/l|w(v)|) dx 


< oo 


for some A > 0. 

Whenever the function H satishes the A 2 -condition, then the space 
L h (G ) is a vector space and it is equivalent to the corresponding Orlicz 
class. We study these Orlicz spaces and call their functions Orlicz 
functions. The Orlicz space L H (G) equipped with the Luxemburg norm 

'\u(x)\\ 


\\u\\l* {G ) = inf < A > 0 


: .H 'h'" 1 


is a Banach space. 

We recall the following theorem from [lO, 1.3. Theorem], 


3.7. Theorem. Let <p satisfy the conditions (l)-(5). Let if/ : [0, oo) —> 
[0, oo) be defined as in (ED- Let 1 < p < n be given. Suppose that there 
exists a continuous function h : [0, oo) —» [0, oo) such that 

°° n-kf) n 

(3 ‘ 8) Z fjfifpky -T ~ h(l) f ° raU t>0 ‘ 

k— 1 

Let 8 : (0, oo) —> [0, oo) be a continuous function and let H : [0, oo) —» 
[0, oo) be an N-function satisfying the A 2 - condition. Suppose that there 
exists a finite constant Ch such that the inequality 

(3.9) H (h(8(t))t + if/i8it)) 1 - n (8it)) n(1 ~p ) ) < C H t p 
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holds for all t > 0. Let G in R" be an open set. If ||/||z/(G) ^ 1, then 
there exists a constant C such that the inequality 

{3M) H {Lw^ d ¥ cmu)f 

holds for every x e R". Here the constant C depends on n, p, C^, C H , 
and the A 2 -constants of <p and H only. 


Our goal is to find a formula which would give all suitable functions 
H. Examples of some of these functions were given in m Section 6]. 

Here we do the preparations to find H. Assume that there exists 
a £ [1 ,n/(n - 1)) such that t a /(p(0 is increasing for t > 0. This yields 
that t a /H0 is increasing, too. Under this condition inequality (13.8ft 
holds: Since 

(2 ~ k t) n (2 ~ k t) n (2- k t) a(n ~ v > 

i//(t2~ k ) n ~ l ~ (2~ k t) a(n ~ l) ij/(t2- k ) n - 1 

f(x(n— 1 ) fn 

< (0 _ _ _ ^-k{n-a{n- 1 )) 1 

- K ; no n ~ x _ " no n - x ’ 

we have 


^ (2 ~ k t) n 

2-j if/{t2~ k ) n ~ k 


< C(n, a) 


HO 


n— 1 ' 


^a(n— 1) 

where C(n,a) =- ----. 

2" — 2 a ^ n ~ v > 


Let us define the functions h and 6 such that 

t" 


h{t) = C(n, a) 


HO 


n— 1 


and 5{t) = t n for all t > 0. 


Then, 


h{5{t))t + dj(6(t)) ] - n (8(t)f'--p ) = h (r »)t + if/ (r«)‘ " (r-)" (1 ^ 

_ Cjn, a)r p t l ~P 

= o(t~") n ~ l 1 + <A(r «)" _1 
_ (C(n,a) + l)t l ~ p 

4-*r 

If we choose 

, = (C(n,a) + l)(t l 'py-P = (C(n,a) + \)H- 1 

and assume that the inverse function of F _1 exists, that is (F -1 ) -1 =: F 
exists, then 

hm)t+Hm) l ~ n mr a ~ L o = f-V) 

and thus 


F^mot+ihmy-nmr^) = f(f-V)) = t p . 
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Unfortunately, there is a problem with this function F to be a suitable 
function H ; namely, the function F is not necessary convex. For exam- 

3 

pie, if n - 2, < p(t) = V -, and p = 1.9, then the function F is not convex, 
see Figure [2j The angle at the point (1,F _1 (1)) comes from the angle 
of t/r at the point (1,^(1)). Our main theorem, Theorem 11.21 in Intro¬ 
duction, corrects this point: we show that there exists an ^/-function 
H that is equivalent with F. 



Figure 2. The function F is not necessary convex. 


Proof of Theorem 1 1.2. Let us write that 


F-\t) 


tp 


-l 



for t > 0 and F -1 (0) = 0. Let us first show that F~ l is strictly increasing. 
Assume then that 0 < s < t. The inequality F 1 (.v) < F -1 (/) is equivalent 
to the inequality 

/ i\»-i / i 

-i— < - 

(IF 5 (i)" 

Recall that if <p satishes the condition (4), then if does, too, and the 
constant is the same for both functions. Thus by the condition (4) and 
the inequality p < n we obtain 
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Thus the function F~ l is strictly increasing. This yields that the func¬ 
tion F exists and is strictly increasing. 

Let us show that lim,^ 0 + F~ l {t) = 0. Since p < n we obtain 


lim F ] (t) = lim 

r-»0 + i-*0 + 



= lim (/jfl) 1 11 1 11 + p 1 = 0. 
r->0 + 


Let us show that lim^ooF '(t) = oo. Since t/ip(t) is decreasing, by the 
condition (4), and by p < n we obtain 


lim F ] (t) = lim-— 

t —>oo t —>oo . / _I\ W ^ 

tyt") 


l_ 1 

lim fp " 

t—>oo 



> lim- 

f -*00 (£>( 1 ) 


I 

n 


n— 1 


= OO. 


We have shown that F 1 : [0, oo) —» [0, oo) is bijective. 
Let us then study the condition 


(3.11) 


At) Fin 

S t 


for 0 < s < t. 


Since F 1 is a strictly increasing bijection, inequality (13.lip is equivalent 
to 

s t 

F~\s) < F-\t)' 

Since t a /ip(t ) is increasing, then (f(t)/t a is decreasing and i!/(t)/t a is de¬ 
creasing, too. We note that 1 - ,Hn ~ 1) > 0, since a < Fy- We obtain 


F~ l (s) 


2 -- 
S p 


1 / _1V 

Plffl S "I 


1 \tl-l 


2 --- 
S p 


1 or(n-l) 


*(.' ■) 

FT 


n— 1 


i 1 i a(n- 1) 

s p n 


*(.'■ ") 

ft 


n —1 


i-i+i-sunil 
< t p n 


FT 


n -1 




and thus inequality (13. lip holds. 

1 1 n P 

Let us then show that F~ l (cs ) > 2i 7_1 (A) for all s > 0 with c = 2 n -p. 
The inequality F~ l (cs ) > 2F _1 (a) is equivalent to 
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By the condition (4) of ip and the inequality p < n, we obtain 



The inequality F ^cs) > 2 F '(a) yields that F satishes the A 2 -condition. 
Let us write F(t) = s. Then F~ l (s ) = t. Since F is increasing, we have 

F(2t) = F(2F-\s)) < F(F~\cs )) = cs = cF(t). 


P. Hasto has shown in [15, Proposition 5.1] that if / : [0, oo) —■> 
[0, oo) satishes the A 2 -condition and x f(x)/x is increasing, then / is 
equivalent to a convex function. Since F satishes inequality (13. lip and 
the A 2 -condition, we obtain that F is equivalent to a convex function 

H. 

Using lim r _>o+ = 0 and the bijectivity, we obtain 


lim 

f-»0 + 


F(t) 

t 


lim —-— 

t-> o+ F x (t) 


tip 


lim 

t-> o+ 


0 


n—l 


(i) 




= lim <^(1)" - V“ 

t->0 + 


L + l_2 


= 0 


and thus also lim,^o+ = 0. This gives that H is right continuous at 
the origin. Thus by convexity the function H is continuous on [0, oo). 
Since ip(t)/t a is decreasing and a < we obtain 


lim 1® = lim » 


f-»oo t t >oo P l(t) 


2-i ( -‘V 7-1 
lim t p ip[t n ) 

t —>oo V ' 


lim t 2 p ~ 

t—>oo 


1 Q-(/l-l) 


<fi(t ") X 


n—l 


l_i + l_2fcl) ( ^(1) 

> lim t p n 1 

f—»oo 


n—l 


OO. 


(r«) V 1“ 

Since the functions F and H are equivalent, this yields that 

r Hit ) 
lim - = oo. 

t-> OO t 

Thus we have shown that the function FI satishes the conditions (Nl) 
- (N3). □ 


3.12. Remark. Later it is crucial to us that 


H\t) 


t p ~ 


tp 


-l 


/ 1\H~1 . / 1\H-1 

P(t ") ^(l)”- 1 ^") 


•fiiV 


1 n ~P 

l ~ n t — 


for 0 < t < 1. Namely, then for every ip the function H satishes H(l) « 

np 

t n ~p whenever 0 < t < 1. 
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3.13. Example. Functions ip(t) = t a / log^(e + l /t), a £ [1, and {3 > 0, 
satisfy the assumptions of Theorem 11.21 

Now, the proof for our second main theorem, Theorem 11.41 in Intro¬ 
duction, follows easily: 


Proof of Theorem 


14 


Theorem 13.71 and Theorem 11.21 


□ 


As a corollary we obtain from Theorem 11.41 and Theorem 13.41 

3.14. Corollary. Let 1 < p < n. Let the function H be as in Theo- 
rem \1.2\ If D is a bounded tp-cigar John domain with a constant cj, 
then there exit a constant C and a point xo £ D such that the point-wise 
estimate 

H(\u(x) - WB(* 0 ,dist(*o,dn))|) ^ C(M\Vu\(x)) p 

holds for all u £ L l p (D ) with \\Vu\\lp(d) < 1 and for almost every x £ 
D. Here the constant C depends on n, p, C H , C^f, C^ 2 , Cj, ip(\) and 
min | diam(D), 1J only. 


4. On embeddings 

Corollary 13. 141 is essential in the proofs of the following Theorem 14.11 
and Theorem 14.31 

4.1. Theorem (Bounded domain, 1 < p < n). Assume that p satisfies 
the conditions (1)- (5), C v = 1 in the condition (4), and there exists 
a e [l,n/(n - 1)) such that t a /(p(t) is increasing for t > 0. Let if be 
defined as in (12.ip . Let D c R", n > 2, be a bounded tp-cigar John 
domain with a constant Cj. Let 1 < p < n. Then there exists an 
N-function H, that satisfies A 2 -condition and 

H~\t) w ———- for all t > 0, 

<A(r») 

and there exists a constant C < oo such that the inequality 


IIw - UdWuud) ^ C||V«|b, (D) , 

holds for every u e L l p (D). Here the constant C depends on n, p, Cp , 
C^ 2 , Cj and min{diam(D), 1} only. 


Proof. Assume that ||VM|| mD ) < 1. Corollary 13 .1 41 yields that 
H(\u(x) - u B{Xo 4 istixo ,dD)) |) < C(M\Vu\(x)) p , 
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where the constant C depends on n, p, Cff, Cyq Cj, and min{diam(D), 1} 
only. By integrating over D and using the fact that the maximal oper¬ 
ator is bounded whenever 1 < p < n, we obtain that 

J' H (\u(x) - dx < C J(M\Vu\(x)) p dx 

\Wu(x)\ p dx < C. 


< C 


L 


This yields that the inequality 

ll« _ u B(x 0 ,dist(x 0 ,dD))\\L H (D) ^ C 

holds for every u e L l p (D ) with ||Vm||o>(o) < 1 . By applying this inequality 
to the function u/\\Vu\\lp(D) we obtain that 

\\ u - MB(xo,dist(xo,dD)) I \l h (D) ^ C||Vm||lp(D)- 

We may assume w.l.o.g. that \\Vu\\lp(d) ± 0. Let denote B = B{x o, distfvo, dD )). 
By the triangle inequality 

ll« _ M ollz"(0) ^ 11^ _ u b\\l h (D) + II u b ~ m oIIl"(0)- 

Here, 

l|l|lz"(0) 


II Ub ~ Ud\\l h (D) - \ u b ~ Ud I I|1|Il«(D) 


< 


\D\ 


\\ u - Ub\\l'(D) 


l|l|ll/ f (0)l|l|lz.fl*(0) || , 

< c -—- II u - u b \\ l h (D) 

where H* is the conjugate function of H and C is the constant in 
Holder’s inequality. 

Next we show that ||1 ||l«(0 )I|1 |Il«*(0 ) ~ |D|. Since the function H is 
continuous and strictly increasing, there exists a unique A > 0 such 
that 


//(1/d) \D\ 


-L 


//(1/d) dx = 1 


i.e. d 


H(O). By solving d we obtain 


1 


'(D) 


Similarly, we obtain 


Since 


111 Hz** 


(. d ) 


(p) 


<*•>-'(p)' 


t < ) < 2 1 

for all t > 0, see for example [3J Lemma 2.6, p. 56], we obtain that 

1 


II1|Il"(0)II1|Il«*(o, 


*-'(p) <**>-' (p) 


<|L>|. 
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Hence, we have shown that 

\\ u ~ ud\\l"(D) ^ C||Vw||lp(d) 

for every u e L p (D). □ 

4.2. Example. Let us choose that <p(t) = t s , s G [1,^). We have 
calculated in Remark 13.121 that for every <p the function H satisfies 

np 

H(t ) w t"-p whenever 0 < / < 1. If / > 1, then 


H-\t) 


tp~ 


tp 


-l 


tp 


-l 


44)"' 1 (H) 

np 

and thus we have that H{t) ~ t"-"p +s p ( "- 11 for t > 1. 


\W— 1 


1 \ 5(71-1) 


n— np+sp(n— 1) 

= 1 w 


4.3. Theorem (Bounded domain, p = 1). Assume that the function tp 
satisfies the conditions (1)- (5), C v = 1 in the condition (4), and there 
exists a G [1, 12/(12 - 1)) such that t a /tp(t ) zs increasing for t > 0. Let if/ 
be defined as in H2.1\) Let D c R”, n >2, be a bounded tp-cigar John 
domain with a constant Cj. Then there exists an N-function H, that 
satisfies A 2 -condition and 

H ~\t ) * 1 t for all t > 0 , 

(A(r«) 

s?zc/z that the inequality 


ll« _ MdIIl h (d) ^ 

holds for some constant C and for every u G L p (D). Here the constant 
C depends on n, , C^ 2 and Cj only. 


Proof. Let us consider functions u G L\(D) such that ||Vw|| L i (D) < 1. The 
center ball B(x 0 , distfvo, dD)) is written as B. I 11 the proof of Theo¬ 
rem [2T4] we had chosen x 0 so that dist(.v' 0 , dD) > iJA j diam(D))/c./. We 
show that there exists a constant C < 00 such that the inequality 

(4.4) j H{\u(x) - u B \) dx < C 

Jd 

holds whenever ||Vm||l 1 (d) < 1. This yields the claim as in the proof of 
Theorem 14.11 

Since H is increasing, we first estimate 


L 


H(\u(x) 


Ub I) dx < V I 

J\x 


H(2 J+] )dx. 


7‘gZ ^<\u{x)—ub\<2J +1 ] 


Let us define 


Vj(x ) = max < 0, min j \u(x) - u B | - 2 7 , 2'\ 
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for all x 6 D. If x e {x e D : 2 7 < | u(x) - u B \ < 2- 7+1 }, then v ; _i(.x;) > 2 ; 1 . 
We obtain 


(4.5) 


L 


H(\u(x) - u B |) dx < 


v f 

yez ^l-«D:v J U)> 2 q 


H(2 j+2 )dx. 


By the triangle inequality we have 

V/(*) = |Vy(v) - (v j) B + (Vj) B I < |Vy(v) - (v ; ) B | + ](V/) B |. 

By the (1,1)-Poincare inequality in a ball B, [5], Section 7.8], there exists 
a constant C(n) such that 


l(v/) B | = (Vj)h =J- vj(x) dx < 


I u(x) - u B | dx 


< C(n)\BI"J-' \Vu(x)\dx < C(n)|5|» _I . 


We continue to estimate the right hand side of inequality (14. 5 ft 


L 


HQu(x) - u B \) dx < 


S Xe£>: 


H(2 j+2 )dx 


J{x£D:\ Vj (x)-(vj) B \+C\B\-l>2i} 


< V f 

(^• 6 ) sZ J{x€Z):|v J (jr)-(v ; )B|> 2 A 


H(2 j+2 ) dx + y f H(2 J+2 ) 
M ^ i Jd 

2J- l <C(n)\B\n- 1 

jo 

H(2 J+2 ) dx + y H(2 j+1 )dx, 

M ~LJd 


dx 


<v f 

J{xeD:\ Vj (x)-(vj) B \>2J- 1 } 

where j 0 = riog(C(n)|fi|" _1 )l. 

Assume hrst that diam(D) is so large that j 0 < -2. When t < 1, then 
ij/(r lln ) = (p(l)r l/n by (12.1ft and thus 

H~ l (t) =-—-- = . 

Thus for t < 1 we obtain that Hit) ~ . This yields that 

jo ~ flogCCIBI^- 1 )! 


(4.7) 


jv r* i ,w 5V'-r^i ■■ /1 

y I H(2 j+2 )dx~\D\ y 2^<C\D\2^- 

j=—oo ^ D j = _ OQ 


riogCCI^lTT-l)! 


J=-° 
n (l. 


< C\D\\B\^-dn-V = c\D\\B \- 1 
diam {D) n 


< C- 


{ip{\ diam(Z)))/c,)" 


This constant does not blow up when diam(D) — > oo: 
diam(D)” 


4 n c n j 


(<A(i diam(Z)))/c/)" <£(!)" 


as diam(D) —» oo. 
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Assume then that diam(D) is small. This yields that for every / 0 e Z 
the sum YJJL -2 #(2 ;+2 ) is finite and depends on j 0 . We obtain 


(4.8) 



< OO. 


Then, we will find an upper bound for the sum 


V f 

je Z J{x£D:\vj(x)-(vj) B \>2j 


H{2 i+1 )dx. 


Since ||Vv 7 i| L i (Z)) < ||Vm|| l i (D) < 1, Corollary 13. 141 yields that 


Y f 

7 'eZ J {x£D:\vj(x)-(yj) B \>2i- 


H(2 j+2 )dx=Y f H(2 j+2 ) dx 

j£Z Jlx<=D:HQ V j(x)-( Vj ) B \)>H(2j-')} 

<Y f H(2 j+2 ) dx. 

J{xeD-.CM\V V j\(x)>H(2i-')} 


We choose for every x e {x e D : CM\Vvj\(x) > H(2 j 2 )} a ball B(x,r x ), 
centered at x and with radius r x depending on x, such that 

C j \V Vj (y)\dy > ] -H(2 h ) 

B(x,r x ) 


with the understanding that |Vv ; -| is zero outside D. By the Besicovitch 
covering theorem (or the 5-covering theorem) we obtain a subcovering 
[B k }~ so that we may estimate by the A 2 -condition of H 


E r 

J{xED-\vj{x)-(y j ) B \>&- 1 } 



s E E ' B ^ s E E ivdwi * 

je Z k= 1 je Z k= 1 V ,J Bk 

<CV f I Vv y (y)| dy. 

Jd 


Let Ej = {x G D : 2 ; < \u(x) - ub\ < 2 7+1 }. Since |Vvy| is zero almost 
everywhere in D \ Ej and |Vu(v)| = X/1Vi’y(x)[y'£ ; (x) for almost every 
x e D, we obtain 

(4.9) V f H(2 i+1 ) dx < C I \Wu(y)\dy<C. 

J{x€D:\ Vj (x)-( Vj ) r \> 2 J-' | Jo 

Estimates (14.61) . (14.71) . (14. 8|) and (14.9|) imply inequality il 1. II) . □ 


4.10. Remark. Corollary 11.51 in Introduction follows from Theorem 14.11 
and Theorem 14.31 
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4.11. Remark. In Theorem 14.31 the /V-function H is the best possible in 
a sense that it cannot be replaced by any iV-function K that satisfies 
the A 2 -condition and 


r m 

lim- 

f-»oo Hit) 


= OO. 


In [10,, Theorem 7.2] we have shown that the corresponding embedding 
in Theorem 14.31 does not hold if 


lim f'K 

?-> o+ 



= OO. 


This is valid for this function K. By the definitions of H 1 and i]/ we 
obtain that 

/ \ 


lim t n K 

/-> o + 


1 


ipity 


i 


lim -K 

s—>oa S 


1 


ur 1 


<p 


K(H-\s)) 
H(H 1 (.v 1 ) 


OO. 


and thus there does not exists a constant c such that 


ll w - Ud\\l k (D) ^ c1I^m|| l i (D ), 

for every u e L l p (D). 

4.12. Theorem (Unbounded domain, 1 < p < n). Assume that the 
function p> satisfies the conditions (1)- (5), C v = 1 in the condition 
(4), and there exists a e [l,n/(n - 1)) such that t a /tp(t ) is increasing for 
t > 0. Let the function if/ be defined as in (12.ip . Let D in R' ! , n > 2, be 
an unbounded domain that satisfies the following conditions: 

(a) D = U"jDj, where \D\ \ > 0; 

(b) Di c D i+ 1 for each i; 

(c) each D t is a bounded if-cigar John domain with a constant cj. 

Let 1 < p < n. Then, there exists an N-function H, that satisfies 
A 2 -condition and 

H 1 (t) ~ -- for all t > 0, 

, t -it " -1 

>Py ") 

and there exits a constant C such that the inequality 

inf I|m _ b\\ mD) ^ C\\Vu\\ij>(if), 

holds for every u e L p (D). Here the constant C depends on n, p, C^f, 
C^ 2 and Cj only. 

The proof follows the proof of m Theorem 4.1]. 

Proof. By Theorems 14. II and 14.31 there exits a constant C such that the 
inequality 

(4.13) 


ll w - Ud,\\ L«(A) — C\\Vu\\iP(Di) 
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holds for each Z), and all u e L l p (D). The constant C does not blow up 
when the diameter of D , tends to infinity. In the case 1 < p < n this 
is clear. In the case p - 1, we refer to the discussion after (14.71) in the 
proof of Theorem 14.31 The constant depends on D\ but this does not 
cause a problem. 

When ||Vm||lp(£>) < 1 inequality (I4.13|) yields that there exists a con¬ 
stant C < oo such that the inequality 



H(\u(x) - u Di \) dx < C, 


holds; here the constant C is independent of i. 
Let us write 


Ui = + u(x) dx = -—- J 

J lAi jDj 

A 


u(x) dx. 


The triangle inequality yields that 



| u(x) - Uj\ dx + 


/ 

Di 


|m(x)| dx. 


Since D t satisfies inequality (14.131) . we have u e L H (D \) c L}(D\) and 
thus the second term is finite. Again, by inequality (14.131) we obtain 
that 


f 


| u(x) - Uj\ dx < 


< 


< 


ClUll^qnj) 

C|| 1 |Ilr*( D i ) 


\\u - U Dj WL H (Dt) 

IIM - Md,IIl"(A) — 

I|Vm||lp(D) < °°- 


cil 1 IIl"*(d,) 


I|Vm||lp(a) 


Thus the real number sequence (n,) is bounded and hence there exists 
a convergent subsequence (n,; ; ) and be R such that —* b. 

Since H is continuous, 


lim Xd,.H(\u(x) - Ui \) =xdH(\u(x) - b\). 

J-> 0 ° 1 

Fatou’s lemma and the modular form of (14.131) yield that 


I 


H{\u(x) - b\) dx < lim inf I xd H(\u(x ) - u t ,|) dx 

Jd ' J 1 


lim inf ( H(\u(x) - m, |) < lim inf C - C 

J->°° JDj 1 J -*°° 


for every u e L\ oc (D) with \\^u\\lp(D) ^ 1- This yields that there exists a 
constant C such that the inequality 

IIm - ^IIl"(D) ^ C 
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holds for every u £ L l p (D ) with ||V«|| iP ( D ) < 1. The claim follows by 
applying this inequality to the function u/\\Vu\\u>(d)- □ 

4.14. Example. Let the function <p be defined as in Theorem 14. 121 The 
following unbounded domains satisfy the assumptions of Theorem 14.121 

(a) {(x',x„) £ R" : x n > 0 and \x'\ < 

(b) R 2 \ ({(x, ip(x)) £ R 2 : 0 < x < 1} U {(x, -#>(x)) 6 R 2 : 0 < x < 1}). 

5. On Poincare inequalities 

As a special case we recover results for Poincare domains. We recall 
that a bounded domain D is called a (q,p )~Poincare domain, where 
q,p £ [l,oo), if there is a constant C < oo such that the inequality 

(5.1) ||u - Uo\\li{D) ^ C||Vh|| l „ (D) 

holds for all u £ W 1,p (D). Inequality (15.ip is the (q, /p-Poincare inequal¬ 
ity. We note that for a bounded domain D inequality (15.ip holds if and 
only the inequality 

inf \\u -&||l?(d) ^ CiUVnll^p^) 

holds, the constants C and C\ depend on each other and |Z>| only. Let 
us recall results for bounded </?-John domains in the case <p(t) = t s , for a 
fixed a > 1. A bounded r'-John domain is usually called a-J ohn domain. 
A bounded a-J ohn domain is a (p,p )-Poincare domain whenever s £ 
[l, ~ ), [211 . Theorem 10]. So, a bounded a-J ohn domain is a (p,p)- 
Poincare domain for all p > 1 if a £ [l, A bounded A-John domain 

is a (l,p)-Poincare domain if a £ (l, ) where A £ [n - 1 ,/z] is 

the Minkowski dimension of the boundary of the domain, [12, Theorem 
1.3]. A bounded A-John domain is a ( s ^ n _iy p+l , pj-Poincare domain 
for every 1 < p < s(n - 1) + 1 if a £ [l,^—Corollaries 5 and 
6 ], [HI Theorem 2.3]. The exponent +1 is the best possible 

in the class of bounded A-John domains, we refer to [7, p. 442]. Our 
Theorems 14.II and 14.31 with q>(t) = f give that a bounded A-John domain 
a { n-np+i’pin-i) ’ p)-Pohicare domain if 1 < p < n and a e 1, ^J. Thus 
our result is optimal in the case p = 1. On the other hand, our method 
does not cover the case a = ^y. Note that our proof totally differs from 
the previous proofs in |2T1 Theorem 10], [71 Corollaries 5 and 6], and 
[HI Theorem 2.3], 

6. Lebesgue space cannot be a target space 

In this section we give an example which shows that for certain un¬ 
bounded <p- cigar John domains the target space cannot be a Lebesgue 
space. The idea is that at near the infinity the target space should 
be L np l ( fl-p) i oca ] structure of the domain may not allow so good 

















Petteri Harjulehto and Ritva Hurri-Syrjanen 


21 


integrability. We assume a priori that the function ip has the properties 
(l)-(5). Later on we give extra conditions to the function <p. 

We construct a mushrooms-type domain. Let (r m ) be a decreasing 
sequence of positive real numbers converging to zero. Let Q m , m = 
1,2,..., be a closed cube in R" with side length 2 r m . Let P m , m = 
1,2,..., be a closed rectangle in R" which has side length r m for one 
side and 2 cp(r m ) for the remaining n— 1 sides. Let Q be the hrst quarter of 
the space i.e. all coordinates of the points in Q are positive. We attach 
Q m and P m together creating ’mushrooms’ which we then attach, as 
pairwise disjoint sets, to the side {(0, x 2 , ■.x n ) : x 2 ,..., x n > 0} of Q so 
that the distance from the mushroom to the origin is at least 1 and at 
most 4, see Figure [3l We assume that a priori the function </? has the 
properties (1)—(5), but we have to assume here also that (p(r m ) < r m . We 
need copies of the mushrooms. By an isometric mapping we transform 
these mushrooms onto the side {(^i,0,..., x n ) : X\, X3, ..., x n > 0} of 
Q and denote them by Q* m and P* n . So again the distance from the 
mushroom to the origin is at least 1 and at most 4. We define 



( 6 . 1 ) 


See Figure [3l We omit a short calculation which shows that G is a 
<^-cigar John domain. 


l_l 


Jq] 

D 



FIGURE 3. Unbounded cigar John domain. 

Let us define a sequence of piecewise linear continuous functions 
(wfc)£l 1 by setting 
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where the function F will be given in ([672]) . Then the integral average 
of u k over G is zero for each k. 

The gradient of u k differs from zero in P m U P* n only and 


F(r m ) 

\Vu k (x)\ =-, when x e P m U P* . 


Note that 

\Vu k (x)\ p dx = 2 
We require that 


I' 


F(r m )\P x F(r m y 

= 2 r m (. ip(r m )) - p — . 

r m 


Pm' ' m 


L 


\Vu k (x)\ p dx = 1. 


Hence, we define 

(6.2) F(r m ) = 

Let H be an /V-function. Then, 


r-P - 1 d/P 
’ m 


2 tp(r m ) 


n— 1 


inf f H(\u k (x) - b\) dx > inff|e m | • \H(F(r m ) - b)\ + |Q;| • \H{-F{r m ) - h)|) 

be R J G ieR\ / 

> CH(F(r m )). 


Hence, we have 


r n m H(F(r m )) 


cm 


r p 

' m 


-1 


2 <p(r?n ! ) 


i Ip 


> > 


,H\l 


r p 

' m 


-1 


2 ) 


i !p 


Thus, there does not exist a positive constant C such that the inequality 
inffo ||n - b\\ L H (G) < C||Vn|h P (G) could hold for all u from the appropriate 
space if 


lim t n H\ 

t-> o+ 

Assume that lim f _ > o+ 
inequality does not hold if 


(>( jn_n =oo. 

oo. If H(t ) = t q , then we obtain that the 


(6.3) 


np 

q > — 
n - p 


Assume then that we have a sequence (sj) of positive numbers going 
to infinity. For each sj we may choose points x( j) and y(j) such that 
the balls B(x(j), Sj ) and B(y(j), Sj ) are subsets of the first quadrant and 
B(x(j),3sj) n B(y(j),3sj) = 0. We define a sequence of piecewise linear 
continuous functions (iy)“, by setting 


/ n-p 



in B(x'j, sj), 
in B(x 2 j, Sj), 

in G \ ( B(x l j, 2sj) U B{x 2 , 2 sj)). 
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Now we have 


I 


| V it i\p dx < Cs '! 


n—p 

~P~ 


< C 


for some constant C. On the other hand, for any be R 


m\u,(x) - b\) dx > Cs']H(\s. p -b |) + Cs’]H{\ -s. p -b\) 

J J J J J 

> Cs’)Hi\s~/\). 

Thus, there does not exist a positive constant C\ such that the in¬ 
equality inffo ||n - b\\ L H (G ) < CiIIVzyIIl^g) could hold for all u from the 
appropriate space if 



n-p pn I 1 \ 

lim s"H(s p ) = lim s n >’H - = oo. 

S — >00 S — >00 \ S J 


By choosing H(t) = t q , we obtain that the inequality does not hold if 


(6.4) 


np 

q < -. 

n-p 


If lim ( ^o+ = oo and if there were an embedding with the Lebesgue 
space L q as a target space, then by (16.3[) we would have q < - 3 - and 
by (16.41) we would have q > Thus the target space cannot be a 
Lebesgue space. The target space can be L q only if lim^ 0 + < 00 . 
And in this case q = Note that the limit lim,^o + t/(p(t) exists since 
<p is increasing and ip > 0. If lim f ^o+ t/(p(t) = m > 0, then there exists 
to > 0 such that | -nupit) < t < 2tmp{t). 

Thus, we have proved the following theorems. 


6.5. Theorem. Let p satisfy (l)-(5), and assume that lim,^ 0 + t/ip(t) = 
00 . Let G be the unbounded p-cigar John domain constructed in (T6TT1) . 
Let 1 < p < n. Then there do not exist numbers q e R and CeR such 
that the inequality 

inf \\u - b\\ Lq(G) < C\\Vu\\un G) 
could hold for all u e L { p (G). 

6.6. Theorem. Let p satisfy (l)-(5), and assume that lim,^ 0 + t/pit) = 
m < 00 . Let G be the unbounded p-cigar John domain constructed in 
(Erp . Assume that there exist numbers geR and C 6 R such that the 
inequality 

inf \\u - b\\ L q( G ) < C||Vm||z.p (G) 

holds for all u e L l p (G). Then q = and there exists to > 0 such that 
p{t) ~ t for all t 6 (0, to] • 
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